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Abstract 

In this paper we ask whether one can take the limit of multiple SLE as the number of slits 
goes to infinity. In the special case of n slits that connect n points of the boundary to one fixed 
point, one can take the limit of the Loewner equation that describes the growth of those slits in a 
simultaneous way. In this case, the limit is a deterministic Loewner equation whose vector field is 
determined by a complex Burgers equation. 
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1 Introduction 

The stochastic Loewner evolution (SLE), introduced by O. Schramm in 2000, provides a powerful 
model to describe certain two dimensional random curves that arise in different contexts in proba¬ 
bility theory as well as in statistical physics. 

For example, SLE can be used to describe the scaling limit of an interface curve of the critical Ising 
model with a certain boundary condition. A slightly different boundary condition produces several, 
pairwise disjoint interface curves and so it is a natural question to ask for a generalization of SLE 
to the case of n G N random curves. Several authors have discussed this generalization of SLE to 
multiple SLE] see |Car03] . |BBK05] . |Dub07] . |Gra07| . |KL07| . An application to the critical Ising 
model can be found in |Koz09| . 

In this paper we touch the question what happens if n —>■ oo. 

To begin with, we fix some notations. We agree that El will denote the upper half-plane of the 
complex plane, that is El = { 2 ; G C | Im(z) > 0}, and that k G (0,4] will be a fixed parameter. 
Moreover, we let be a sequence of strictly increasing natural numbers. 
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For any Z e N, we assume that there exist Ni points Xi^i < ... < xn,,i of 9IHI \ { 00 } = M such that 
the set Ii := {xi^i | j = 1, ...,Ni} is bounded from either sides by constants that are independent of 
1. Thus we assume 

/; C [—M,M] for some M > 0. (1.1) 

leN 

Consider the set ... ,xni,i) of all Aj-tuples of curves ( 71 ,... ,Jni) such that 7 ^ connects Xk,i 

to 00 through El and 7 ^ n 7 ^ fl El = 0 whenever k ^ m. For each I G N the theory of multiple SLE 
gives us a probability measure ...,xni,i),oo) that is supported on xat,,/). We 

describe this probability measure in more detail in Section 

Now we can make sense of the limit lim;_>,oo 00 ) in the following way: 

The deterministic theory of multi-slits evolution allows us to describe the growth of any element of 
A(a;i./,... ,XN^J) by a Loewner equation with “constant simultaneous growth”: 

If ( 71 , ..., 7 Ar,) G A(a:i_i,... ,xni,i), then there exist parametrizations Fi(t),... ,FAr,(t) for the curves 
7 i, 7 iVi and a unique conformal mapping gt from EI\lJ^^j^ Fjtp, t] onto El with Laurent expansion 
at 00 given by 

gt{z) = z+ —+0{\z\~^), z^oo, 
z 

such that 

9t{z) = '^2 ( ’ 9 o{z) = z G El, ( 1 . 2 ) 

^ 9 t{z) - Vk{t) 

where the driving functions Vi,..., Vn are uniquely determined, continuous real-valued functions. 


Now, if we describe the growth of the random curves 71 ,... ,Jni from /iH,K((a;i.G ■■■,xni,i),oo) by 
equation ( 1 . 21 , then we can ask for the limit of the process, i.e. for fixed t > 0 we consider the 
limit limj^oo g\. 


We need one further notation: 

Let Sxf. I be the Dirac measure centered at Xk,i and let fj} be the probability measure defined as 

1 

= ( 1 - 3 ) 

' k=l 

for any I G N. Namely, we are assigning to each point xi^k the mass and sum up the point 
measures. 

Theorem 1.1. Assume that there exists a prohahility measure fi such that 

/r* —> /i weakly as Z —>■ 00 . (1-4) 

Then g\ converges in distribution with respect to locally uniform convergence to the solution gt ■ 
Dt —> El 0 / the deterministic Loewner equation 


gt{z) = Mt{gt{z )), go{z) = z, 


(1.5) 


where Mt{z) is given by the complex Burgers equation 


and it is such that 


dMt{z) 

dt 


-2Mt{z) 


dMtjz) 

dz 


Mo{z) 


L 


2p,{du) 
z — u ’ 


Mt{z) —>■ 0 locally uniformly on El for t —>■ 00 . 


( 1 . 6 ) 


(1.7) 


Furthermore, 

Theorem 1.2. The set Kt = M. \ Dt is bounded for every t > 0 and there exists T > 0 such that 
for every t > T, the boundary dKt H El is an analytic curve in H. 

We postpone the proofs of the above results to Section In Section we will recall the definition 
of multiple SLE as it was introduced in |KL07j , whereas in Section Q we will discuss the example 
g = So and some further questions. 
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2 Multiple SLE 

In what follows, k is a fixed parameter in (0,4] and Z? is a Jordan domain of the complex plane C. 


2.1 One-slit SLE 

Fix two points x,y € dD and assume that dD is analytic in neighbourhoods of x and y. 

The chordal stochastic Loewner evolution for the data D,x,y, k can be viewed as a certain prob¬ 
ability measure fj,D,Kix,y) on the space of all simple curves connecting x to y within D. As one 
property of SLE is conformal invariance, it suffices to describe SLE when 


U = H, X = 0 , and y = oo . 


( 2 . 1 ) 


In such a case, a random curve 7 S A(0) can be efficiently described as follows. 

Assume 7 (t) is parametrized by half plane capacity 2 t, i.e. 7 ( 0 ) = 0 and the conformal mapping gt 
from El \ 7 ( 0 , t] onto El with gt (z) — z —0 for z —>■ 00 has the expansion 


gt{z) — z -\ -h 0(\z\ 

z 

Then gt satisfies the Loewner equation 


for z —>■ 00 . 


dgtjz) _ 2 

dt gt{z) - yfuBt' 


9o{z) = z. 


( 2 . 2 ) 


where Bt is a standard one-dimensional Brownian motion. Of course, one may also consider SLE 
for K > 4. But then the measure is no longer supported on A(0) and we are not interested in such 
a case here. 


Remark 2.1. For fixed z G H, the solution to Loewner equations such as (2.2 1 and (1.2) may have 
a finite lifetime T{z) > 0 in the sense that gfiz) G El for all t < T{z) but limt_tT(z) Ifn{gt{z)) = 0. 
If we fix a time t > 0 and let Kt = {z G EI|T(z) < t}, then gfiz) maps the domain El \ Alt 
conformally onto H. For more information on the Loewner equation and on SLE, see fLawOI^ . 


2.2 Multiple SLE 

In the following we describe multiple SLE as it was introduced in |KL07] . 

Let N G N and fix 2N points pi,...,P 2 N & dD in counter-clockwise order. Assume that dD is 
analytic in a neighbourhood of each pk- 

We call the pair (x,y) of two vectors x = (xi,..., xat), y = (gi,..., y^v) a configuration for these 
points if 

a) {xi,...,XAr,yi,...,yAr} = {pi, ..■,P 2 n}, 

b) there exist N pairwise disjoint curves 71 , ..., 7 „ in D such that 7 ^ connects Xk with y^, 

c) xi = Pi and xi, X 2 ,..., xjv, as well as xi, Xfc, yu, for every k >2, are in counter-clockwise order. 

The points in x can be thought of as starting points of these curves. Then y represents the end 
points and the assumption in c) just prevents us from getting a new configuration by exchanging 
a starting point of one curve with its endpoint. A simple combinatorial exercise shows that there 
exist 

(2jV)! 

^ {N + iy.m 

many configurations for 2N points. 

Now fix a configuration (x,y). 

Configurational multiple SLE (5i:i,K(x,y) is a positive, finite measure on the space of all tuples 
( 71 , ..., 7 Ar) where 7 ^ is a simple curve in D connecting xu and yk and 7 fc (" 17 ^ = 0 whenever j k. 
If we let Ho ,be the mass of (5£i,ft(x,y), then we can write 


Qd,k{^, y) = y) • An,K(x, y) 

where /r£)_K(x,y) is some probability measure. 

The measure Qo, K.{'^,y) has the following four fundamental properties (see |KL071 Section 3.2] for 
its construction): 
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(a) Conformal covariance: If / : Z? —>■ if is a conformal mapping such that dE is analytic in a 
neighbourhood of f{pk) for every k, then 

/oQD,«(x,y) = |/'(x)|'’|/'(y)I^Qs.K(/(x,y)), with b= 

(b) The case = 1 : oo) is the chordal SLE(k) probability measure and iAH,K(0, oo) = 1. 

(c) Cascade relation (jKLOTl Proposition 3.2]) 

(d) Boundary Perturbation f |KL071 Proposition 3.3]) 

So (5d^k(x, y) can be thought of as a probability measure with a weight for the underlying config¬ 
uration. These weights serve as partition functions to combine multiple SLE for different configu¬ 
rations. 

Indeed, if S := {(xi, yi), ..., (x;, yi)} is a set of I configurations, then we can consider the new 
measure 

i 

Qd,k.{S) ■= ^ Yk) = Hd,k{S) ■ p,D,K,{S), (2.3) 

k=l 

where denotes again the mass of Qd,k{S) and plz),k,{S) is a probability measure. In the 

case I = Cn, we consider all possible configurations. 

Example 2.2. Consider the case N = 2 and k = 3. Then there are two possible configurations 
Cl and C 2 , and Pd, 3 {{Ci,C 2 }) describes the scaling limit for the Ising model with corresponding 
boundary conditions (see |Koz09j l. The probability p for obtaining configuration Ci is given by 

_ Hb,3{.Ci) 

HdACi) + HD,3{C2y 


★ 

Because of conformal invariance, it suffices again to consider the case iD = IHI only, where pi,..., P 2 N S 
K U { 00 }. The number i7]Hi ,j(x,y) is known explicitly only for some special cases: 

(i) For iV = 1, we obtain from property (b) by using a Mobius transformation: = 

\y - 

(ii) K = 2 : i7]Hi_K(x,y) = |det[( 2 /fc — Xj)~yj^k\ (see |KL07] . the Remark after Proposition 3.3). 

(iii) It can be expressed by a formula involving the hypergeometric function for N = 2, (see |KL071 
Proposition 3.4]). 

Finally we notice that one may consider QH,K(x,y) also for a configuration where yj = yk (or 
Xj = Xk, or both) for certain j 7 ^ k. This is done by considering the disjoint case yj 7 ^ yk first 
and then taking a scaled limit. We include the following case as a definition and refer to |BBK051 
Section 4.6], and the references therein. 


-ffH.K((a:i, ...,a:Ar),oo) := i7H,K((a:i, ...,XAr), ( 00 , ...,oo)) := {xk-x^y!*^. (2.4) 

\<i<k<N 


2.3 Can we take the limit? 

Let iVi < N 2 < ... be a sequence of increasing natural numbers. For each I G N, pick 2iV; points 
xi^i < ... < xi^ 2 Ni on K and let (xi,yi) be a configuration. Now we can ask for a description of the 
limit limz^oo //^^(xz,yz). 

More generally, following the discussion in Section |2.2[ we can consider the set Si of configurations 
for the points Xi^i, ...,xi^ 2 Ni- 

Question 2.3. Under which conditions and in which sense does the limit 

lim pd,k{Si) 

1^00 

exist and how can it be described? 

Remark 2.4. Assume that S'i,S' 2 ,... is a sequence of configurations as above. The measure 
Pm,K{Si) induces a probability measure vi on the finite space Si. So, if we forget about the curves 
and only think of the configurations, we are lead to the question whether there are there interesting, 
non-trivial limits of vi for Z —> 00 . 

In what follows, we only consider the special case of A) curves connecting Ni points on the real 
axis to 00 . 
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2.4 Simultaneous growth 

Let N G N and X\ < ... < Xn he N points on K. Furthermore, choose Ai,..., Aat G (0,1) such 
that X]fc=i= 1- The N random curves described by oo) can be generated by 

the Loewner equation 

N 2A 

= = (2.5) 

where Ai,..., Aat > 0 and J2k=i 

The random driving functions Vi ..., Vat are given as the solution of the SDE system 


dVk 


nXk ■ 


( Oxfc 14,), oo) 


2Xj 

Vk - V, 


dt + a/ nXkdB, 


k-i 


( 2 . 6 ) 


where Bi,..., Bn are N independent standard Brownian motions (see |BBK05I p.1130]). 
(2.4) we obtain 

dt/ - V 

- L -j4-_ y, 


, x) _ 

NT^dt + v nXkdBj.. 




From 

(2.7) 


Remark 2.5. In fact, we can also consider the case Xk G [0,1]. Then we describe the corresponding 
marginal distribution of those curves for which Xk 0 . 

For instance, consider the case Ai = 1 and A^ = 0 for k > 2. Then (|2.5p describes only one curve 
with dVi = Vi-v d- y/lidBi and dVk = dt, i.e. Vk{t) = gt{xk) for k>2 (see IKLOTi 

Section 4-2]). This process is a special SLE(k,p) process (see JPubOH p.l796]). 


3 Proof of Theorem 11.11 


3.1 The McKean-Vlasov equation and the complex Burgers equation 

We recall that Ni < N 2 <■■■ is a sequence of natural numbers and that for every I G N, xpi < 
... < Xi^Ni are Ni points on K such (113 holds. 

Moreover, for every Z G N, we describe ... ,XpNi),oo) by equation (2.5) with A^ = ^ 

for each k, i.e. 

Ni 

go{z) = 2 ; G H, (3.1) 


9t^^)-N,^^giiz)-Vpkity 


with 


= V E 


Ni Vi,k{t) - Vp,{t) 


dt+ ^j^dBkff), VpkiO) = xpk, (3.2) 


for every k = 1, We define also A*) = 7 ^ J2kLi ,*,(()• 


^Ni 

'c— 

We expect that we can define pt as the limit of p[ for t —)■ cx) and that equation (3.2) transforms 
to a differential equation for pt. This is true indeed as it was shown in |RS93] . 

Theorem 3.1 ( |RS93| . Theorem 1 and equation (11)). Assume that Pq converges weakly to p in 
such a way that there exists a C°°-function /o : K —t [l,oo) with fo{x) = fo{—x), foix) —> 00 for 
a; —>■ 00 and 

(3.3) 


sup / fo{x)pQ{dx) < + 00 . 
leN Jr 


Then, for every t > 0, the random measure p\ converges in distribution with respect to weak 
convergence to the measure pt which is the unique solution of the initial value problem 

4 f / f{x)pt{dx) \ = 2 f [ - ^-^ps{dx)ps{dy), po = p, (3.4) 

dt VIr / Jr Jr x-y 


where f runs through the space of all bounded -functions. If we let Mt{z) = /j 
then Mt solves the following complex Burgers equation 


_ f 2fj,t{du 
z—u 


z G 


dt 


dz 


(3.5) 


Some remarks are in order. 
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Remark 3.2. In \RS93^ . the authors consider a slightly different equation (see equation (1) therein). 
Setting 9 = 0 and a = 4, it gives equation (3.21 except that ^J~^^dBk{t) has to he replaced by 

<^J^dBk(t). However, it can be easily checked that this change has no effect on the limit behaviour. 
Furthermore, we notice that the minus sign before a(2 in Theorem 1 is not correct, compare equation 
(4) with conditions (6) (see also IBBCLQfA equation (2.12)]). 


Remark 3.3. The technical condition (3.31 is satisfied, e.g., when the support of is bounded 


by a constant independent of I, which is our assumption (1.1). Also, note that every probability 
measure p can he approximated by some p] that satisfy ( PT (see the remark after Theorem 1 in 
JRS9^ ). 


Remark 3.4. Equation (3.4) is a special case of a McKean-Vlasov equation which can also be 
written as 

^ _ d{ptH{pt)) 

dt ' dx ’ 

where H{pt) denotes the Hilbert transform of pt and the equation is understood in a distributional 
sense (see \BBCL9!A p. 392]). 


Now we come back to the Loewner equation (3.11. It can be written as 

2 


9t{z) = z + 


giiz) - u 


pffdu)ds. 


For each s > 0 the measure p\ converges in distribution with respect to weak convergence to ps. 
Thus, the measure p^ffdu)ds, 0 < s < t, converges in distribution with respect to weak convergence 
to ps{du)ds. 

This implies that for each t > 0 the conformal mapping g\ converges in distribution with respect 


to locally uniform convergence to gt, the solution of (1.5) (see Theorem 1.1 in |MS] which proves 
this correspondence for the radial Loewner equation). 


3.2 Proof of (1.7) 


Next we show that Mffz) —?> 0 locally uniformly in El as t —>■ oo. 
Let zq G m and denote by z{t) the solution to 

z{t) = 2Mt{z{t)), z(0) = zq. 

A simple calculation shows that Mffzif)) is constant: 

dMt{z{t)) dMt{z{t)) , dMt{z{t)).^ 


dt 


dt 


dz 


m 


Hence 


= -2Mt{z{t))^^^^^^^ + 2Mt{z{f))^^^^^^^ = 0 . 

oz oz 


Mt{z{t)) = Mo(z(0)). 


Furthermore, z(f) = 0, so z(f) = zq + 2Mo(zo) • t. This defines z{f) for all t G [0,oo). 
Let zi G El be fixed. Then Mffzi) = Mo{zo{t)) where zo{t) is determined by 

zi = zo{t) + 2Mo(zo(t)) • t. 

Note that lm(Mo(z)) < 0 for all z G El. So lm(zo(t)) > Im(zi) and 


\Mo{z)\ < 


2pQ{du) f 2pQ{du) 


< 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


_ __ |z - u\ 7r Im(zi) Im(zi) ’ 

Hence, Mq{z) is bounded on the set of all z G El with lm(z) > Im(zi). 

Now, when t goes to infinity, |zo(t) | goes to oo as well. Otherwise, if zo{t) had a bounded subsequence 


zoitn), n G N, then Mo(zo(tn)) would be bounded as well and (3.8) could not hold for all n G N. 
Consequently, 

M,(zi) = Mo(zo(t)) = f 

Jr zo{t} - u 


—t 0 for t 
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As 


i„,(,)i < / ^ < 


2fj,t{du) 2 
Im(z) “ lm( 0 ) ’ 


the family {M(}t>o is locally bounded. Thus, the Vitali-Porter theorem implies locally uniform 
convergence of Mt{z) to 0. 


3.3 Proof of Theorem 11.21 


The proof of (1.21 is divided into several lemmas. First, we prove the boundedness of Kt. 


Lemma 3.5. The set Kt is hounded for every t > 0. 

Proof. Let xq G K with Xq ^ supp /xq and consider the solutions to the real initial value problem 

y{t) = 2Mt{y{f)), ?/(0) = xq. 


By the theory of the real (inviscid) Burgers equation (see |Mil06l p.77, 78]), they exist locally and 
the lifetime T(xo) of y{f) is finite, for 


= f < 0 . 

Jr [xo - uy 

This implies that y(t) will hit supp(/j,t) at time t = T(xo), which is given by 


T{xo) = 


-1 


2M'(xo)' 


(3.10) 


(3.11) 


For T > 0 we can now compute S{T) := sup(supp^T) as follows. 

Let [a, 6] be the smallest interval containing supp/xo and assume xq > b. Note that T{xq) > T(xo) 
for any Xg > Xg. This gives us a one-to-one correspondence between all times T > 0 and all xg > b. 


In order to determine S{T), we can first calculate xq{T) > b according to (3.111 and then compute 
S{T) = y{T) = xo{T) + 2TMg(xo(T)). Similarly, we can compute inf(supp/XT) by considering 
Xq < a. Consequently, the measure fit has bounded support for every < > 0 which implies that the 
hull Kt is bounded for every < > 0. □ 

Lemma 3.6. There exists a time T > 0 such that supp/xj is a hounded interval for all t >T. 


Proof. For Xg S M\supp^g, let T{xq) be defined as in (3.11). Denote with /g the smallest interval 


containing supp/xo and let A = Jg \ supp/XQ. Because of (3.10), the value Mq(xo) is bounded from 
below on A which implies T := sup 3 ,|,g^ T(xo) < oo. 

Now let It be the smallest interval containing supp/XT. We would like to show that It = supp fiT. 
So, assume there exists x G It \ suppj.. Let J be the largest open interval with x € J that is 
contained in It \ supp ^t. 

On the one hand, there exists a time s < T such that x S supp^g. For x G /g, this follows from 
the construction of T, whereas for x € It \ loj A follows from the monotonicity properties of the 
function xq i—>■ T{xo). 


On the other hand, we can solve the backward version of (3.13) with initial values in J, i.e. 


y{t) = -2MT-t{y{t)), y{0) = yo G J, 

showing that the distance of x to supp /xr-t increases when t goes from 0 to T, a contradiction. □ 


Lemma 3.7. Assume that supp/xg C [a,b]. Let xq € M \ [a,b] and let x{f) he the solution to (1.5) 
with initial value xq G K \ [a, 5], i.e. 


x{t) = Mt{x{t)), x(0) = Xq. 

Then x{t) has a positive finite lifetime, in the sense that there exists 0 < S such that 


(3.12) 


x{t) ^ supp/Xt for t < S and limdist(x(t),supp/xt) = 0. 

tts 
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Proof. Without of loss of generality, we can consider only the case Xq > b. 

The solution y{t) to 

y{t) = 2Mt{y{t)), y{0) = xq, (3.13) 

will hit supp(/it) at t = T{xq). Now we compare x{t) with y{t). As Mq{xq) = > 0 we 

have 0 < i(0) < 2i(0) = 2 /( 0 ) and consequently, y{f) > x{t) for t small enough. 

Assume that x{t) does not hit supp/xt for t S [0,T(a:o)]. Then there is a first time to < T{xo) with 
x{to) = yito). Hence there exists an interval [to — £,to] such that 

x(t) = Mt{x{t)) < 2Mt{y{t)) = y{t) 

for all t G [to — £)to]. As x{t) < y{t) in that interval, we cannot have a;(to) = y{to)- 

So x{t) hits supp/xt and stays away from y{f). As a consequence, there exists a time S < T{xo) 

such that x{t) ^ supp/X( for t < 5 and limj^s dist(a;(t),supp/Xj) = 0. □ 

Now we complete the proof of Theorem |1.2| 

Lemma 3.8. There exists T > 0 such that the boundary dKt fl H is an analytic curve in El for 
every t > T. 


Proof. First, consider the Loewner equation 

Mz) = 2Mtiz), foiz) = z e H. (3.14) 

Let Lt be the generated hull, i.e. z i—>■ /t(z) is a conformal mapping from El \ Lj onto El. 

Fix a time to > 0 and let zo G El be a point such that 


ft{zo) G El for every t < to and Im(/t(zo)) —>■ 0 for t f to. (*) 


This condition implies that zo belongs to dLtg. 

Now, since the function 1 1 —>■ /t(zo) is a straight line (see Section 3.21 we can extend ftg analytically 
to a neighbourhood U of zq, and from 


Uf^^Ug=ff^\f^g{U)C^{lTn{z)=Q}), 


we see that dLtg is an analytic curve in a neighbourhood of zo. 

Furthermore, as /t(zo) belongs to the lower half-plane for t > to, the sets Lt are “uniformly grow¬ 
ing” in the sense that if lo G El with w G dLt for some t > 0, then w ^ dLs whenever s ^ t. Hence, 
condition (*) is in fact equivalent to zq G dLt and, consequently, dLtCiM. is locally an analytic curve. 


Lemma |3.6| implies that there exists a time T > 0 such that Lt is connected for all t > T, and so 
dLt n El is connected for every t > T. Thus, for every t > T, dLt D El is an analytic curve that 
connects two points at and bt on the real axis, with supp fiQ C {at,bt). 

Let now ft{at) and /t(&t) denote the continuous extension of ft to the points at and bt. 

From (3.7l we know that Mt{z) = Mo{f^^{z)), and so Mt{z) can be extended analytically in a 
neighbourhood of every x G (/t(at),/t(&t))- 


Now we come to the Loewner equation for gt, namely 

gt{z) = Mtigtiz)), go{z) = z 
Fix some to > T and let zq G El be a point such that 


gt{zo) G El for every t < to and Im((/t(zo)) —0 for t f to- (**) 


Then zq G dKtg. As to > T, the support of Htg is the bounded interval hg = [/t(at),/t(&t)]. When 
^ t gt{z) approaches Itg- From Lemma |3.7| we know that the boundary points of this interval 
correspond to two real values, i.e. gtid) = ft{at) and gt{b) = ft{bt) for some a < b. So gt{zo) hits 
the interior of It and since Mt{z) can be extended there analytically, we can also extend gtg{zo) 
analytically to a neighbourhood of zg. 

Analogously to equation (3.14), we have lu\{Mtg{gtg{zo))) < 0 and so gt{zo) belongs to the lower 
half-plane when t > to. We conclude that (**) is equivalent to zg G dKtg. 

Consequently, dKtg n El is an analytic curve for to > T. □ 
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Remark 3.9. It is worth noting that the solution gt of the Burgers-Loewner system ([ill, ^ 
can be calculated by solving one ordinary differential equation only. 

Indeed, let z G H. As we have seen in Section 3.2 we can write Mt{gt{z)) = Mo(zo(t)) for some 
zo{t) ='. ht{z) that satisfies 


9t{z) = ht{z) + 2tMt{gt{z)) = ht{z) + 2tMo{ht{z)), ho{z) = z. 


(3.15) 


Now we differentiate the last equation with respect to t. As gt{z) = Mt{gt{z)) = MQ{ht{z)), we 
obtain a differential equation for ht{z), namely 


I -Moihtjz)) 

dt * 1 + 2iMQ(/i((z)) ’ 


hoiz) = z. 


(3.16) 


Note that the denominator is always 0 as from (3.101 Im^MQ^z)) ^ 0 for all z G 


4 Example and remarks 


Example 4.1. Assume that p = Sq. Burgers’ equation (3.51 can be solved explicitly in this case. For 
t > 0, define 

: H-> C, Mt{z) = - , 

z + V-z — 16t 

where we choose the holomorphic branch of the square root such that = z. It can be easily 
seen that —Mt maps El into El and that limy_>.oo y ■ Ini(—M((zj/)) = 2. Thus, Mt has the form 

M,= [ 

Jm z-u 

where pt is a probability measure (see |GB92l Section 1]). 

A simple calculation shows that Mt satisfies (3.51 and that Mo{z) = | = /^ la particular, 

we obtain 

supp(^() = [-4Vi,4Vi]. (4.1) 

Denote with gt the solution to (3.11. It can easily be checked that for every c > 0, the family 
gp^tic- z) also satisfies (3.11 with the same probability measures pt. Thus, if m maps the domain 
El \ Alj conformally onto El, then K^^t = c ■ Kt, or Kt = \/i ■ Ki. Figure W shows a numerical 
approximation of Ki. 

We can also compute gt{z) explicitly. Equation (3.151 and (3.161 become 

4t 


gt{z) = ht{z) 


— h (A = 

dt * 1 — it/ht{z)'^ 


ht{z )’ 

ho{z) = z. 


The solution to (4.3) is given by 


ht{z) = i ■ 


At 


PLi-Atjz'^y 


(4.2) 

(4.3) 

(4.4) 


where PL denotes the principal branch of the product logarithm. More precisely: the function 
z I—>■ —Al/z^ maps El onto C \ (—oo,0]. PL can be defined in this domain as the branch of the 
inverse function w ^ w ■ e^ with PL{e) = 1. Then PL maps C \ (—oo,0] into itself and we chose 

the square root such that vT = 1, i.e. z i-t pL(^^\t JzA) IHI into the right half-plane. Finally, 

ht{z) G El for every z G El and t > 0. 

The value h^^z) is defined as a limit: 


/io(z) = lim i 


At 


t^o y PL{-4,t/z^) 


= i ■ 


-^PL'(fS)lz'^ 


= i ■ 


'—z^ = i ■ zji = z. 


Note that ^—z"^ = z/z for z G El according to our choice of the square root branch. 

It can be easily verified that ht solves (4.3). Consequently, gt{z) is given by combining (4.2) and 
(4.4). Finally, we can show that 

KtOM. = [—2\/ et, 2Vei] 


by recalling (4.1) and verifying (/((±2Vrf) = ±4-\/t. 
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Figure 1: The hull which satisfies n M = [—2y^, 2y^ [—3.3, 3.3]. 


Remark 4.2. A natural question is to ask for the limit behaviour of multiple SLE described by 
the more general equation (2.51. For each Z G N, we choose numbers A;^i,..., from (0,1) which 


sum up to 1. Now define the random measure /i[ = Then the Loewner equation 

has the form 

1 f 2fA(du) 

9t = ‘ 


Under which conditions does the limit for I 


Jm 91-u 

oo exist? 


Remark 4.3. It might be of interest to study variations of (1.6 1 in the context of Loewner theory. 
In lRS93f . e.g., the authors derive the more general equation 




dt 


9Mt{z), Mo{z) = 


2/io(cZu) 


where, again, Mt{z) = for a probability measure pt- In this case, the limit behaviour of 

Mt has the following analogue to (1.7l.' pt converges for t ^ oo to the Wigner semicircle measure 


whose density is given by — x"^, —R < X < R, with R = see \RS93i Section 5]. 

Remark 4.4. Conformal slit mappings of the form g : El \ 7 —> H, where 7 is a simple curve don’t 
have a straightforward generalization to the higher dimensional setting of biholomorphic mappings 
on, say, the Euclidean unit ball Bn C C", in the sense that B„ minus a simple curve cannot be 
mapped onto B„ biholomorphically for n > 2. However, the limit equations (1.5) and (1.6) can 
be generalized because of their simple form. As an example, let EI„ be the Siegel upper half-space 
HI„ = {{zi,z) G C" I Im{zi) > I^P}, which is biholomorphic equivalent to B„. 

Let —M be an infinitesimal generator on EI„ in the sense of \AB11\ Section 1]. Let Mt be the 
solution to 

dMt{z) 


dt 


=-2 ■ DMt{z) ■ Mt{z), Mo(z) = M(z), 


where DMt denotes the Jacobi matrix of Mt{z) with respect to the z-variables. Provided that the 
solution exists and that —Mt is an infinitesimal generator on EI„ for every t > 0, then {z, f) 1 —)■ Mt{z) 
is a Herglotz vector field and we can consider the Loewner equation ijt = Mt{gt{z)), go{z) = z (see 
again lABlli Section 1]). 
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